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Fig.1 A possible inflationary model potential sketch. In the
illustrated inflationary theory, the inflaton evolves from right
to left under the influence of the potential energy.
Observational results at large scales tend to favor a slow-roll
inflation, where the inflaton slowly rolls down a gently
sloping potential curve. These observations only reflect the
dynamical features within approximately 7 e-folds from the
beginning of inflation (shown in the right white in the
figure). For the remaining about 50 e-folds of inflation (in
the green region in the figure), we still have limited
knowledge, and there may be evolutionary behaviors that
violate the slow-roll conditions. The breakdown of slow-roll
conditions could lead to changes in the statistical properties
of primordial perturbations, which can be manifested in
observations of small-scale primordial perturbations through
scale dependence, non-adiabatic perturbations,

non-Gaussianity, and other effects.
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Fig.2 Amplification of the Resonant Mode k.. Conformal
time evolves from right to left. The numerical results for the
dS approximation and the Starobinsky inflation model are
represented by the solid blue and dashed gray lines,
respectively. The green solid line represents the analytical
profile given by Eq. (4). The orange solid line corresponds to
the mode k # k., that does not undergo resonance. The
vertical dotted line indicates the moment when the k, mode

exits the Hubble horizon. The figure is sourced from Ref. [50].
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Fig.3 The primordial curvature perturbation power
spectrum with sharp peaks induced by sound speed
resonance, along with its comparison with various
observational windows!®*. The first resonance peak at the

resonant mode k, = 7 x 10° Mpc™*!

is the most prominent,
being at least two orders of magnitude larger than the peaks
located at 2k., 3k.,4k., - . The figure is sourced from

Ref. [50].
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Fig.4 Left: the fraction fppu of the total dark matter energy density contributed by primordial black holes (PBHs) for different
values of the resonant mode k.. The shaded regions represent observational constraints from various astronomical experiments,
including extragalactic gamma-ray background (EGB), Kepler microlensing, Hyper Suprime-Cam (HSC), massive compact halo
objects (MACHO), Experience pour la Recherche d’Objets Sombres (EROS), far-infrared absolute spectrophotometer (FIRAS),
and the Planck satellite2%]. Right: constraints from various astronomical experiments in the parameter space of the sound speed
resonance mechanism depicted in the left figure. The white region is excluded due to the breakdown of perturbation theory. The

figure is sourced from Ref. [50].
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Fig.5 Comparison of resonant inflaton and curvature
perturbation modes near the characteristic scale k. in the dS
approximation and the quasi-dS approximation. The dashed
cyan and purple lines represent the numerical results for the

resonant inflaton mode in the dS approximation and

quasi-dS approximation, respectively, showing good
agreement between the two curves. The solid gray and pink
lines represent the numerical results for the resonant
curvature perturbation mode in the quasi-dS approximation
and the Starobinsky inflation model®® | respectively. The
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not undergo resonance. The growth of the mode function is
described by the green solid line, which can be approximated
as |vg, (7)| o exp(€kc7/2). The figure is sourced from
Ref. [68].
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Fig.6 A schematic diagram of the potential V (¢, x) for the
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maxima and minima in the field space, respectively. The red
and yellow arrow lines depict the background trajectory of

the inflationary universe. The figure is sourced from Ref. [69].
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Fig. 7 Induced resonance of the k., mode. The parameter
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correspond to their approximate solutions. The pink curve
depicts an approximate analytical behavior obtained from
the exponential growth of §¢. The green curve represents the
evolution of dx, for a mode k that does not undergo

resonance. The figure is sourced from Ref. [69].
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Fig.8 The power spectra of gravitational waves induced by
curvature perturbations with multiple peaks Eq. (17) for
super-Hubble modes (blue dashed line) and sub-Hubble

modes (red solid line). Gravitational waves induced by
super-Hubble modes are calculated at the end of inflation
Tend, While those induced by sub-Hubble modes are
calculated at the time 7. when the mode p, exits the Hubble
horizon. The average amplitude of gravitational waves
induced by sub-Hubble modes is approximately 10'° times
larger than that induced by super-Hubble modes. This figure

is sourced from Ref. [86].
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Fig.9 Left: evolution of the background trajectories in the field space (¢, x) under different initial conditions. The field
displacements are A¢ ~ Ax ~ 0.001 Mp;, remaining within the small-field inflation framework. Right: evolution of
perturbations d¢ (black) and §x (red) as functions of the scale factor a for the modes k. within the resonance band. d¢
undergoes resonance amplification when k. experiences resonance within the Hubble horizon, briefly freezes after k. exits the
Hubble horizon, and then decays after ¢ stabilizes at ¢.. On the other hand, dx continuously decays within the Hubble horizon

and freezes after k, exits the Hubble horizon. The amplitude of d¢ relative to its vacuum value is resonantly amplified by a
factor of A ~ 10°°. The figure is sourced from Ref. [54].
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Fig. 10 The power spectra of gravitational waves induced by
the resonantly amplified ¢, corresponding to two resonance
modes k. ~ 107%% Mpc™! (red solid line) and 107%"® Mpc™*
(black solid line), along with the nonlinear corrections to the
corresponding curvature power spectra (dashed lines), are
shown. Additionally, the nearly scale-invariant tensor power
spectra for r = 16¢, and r = 0.07 are depicted (gray dashed
lines), as well as the 1 — o upper limit of the power spectrum
given in Ref. [100]. The figure is sourced from Ref. [54].
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Fig.11 Upper: evolution of the gravitational wave amplitude hj(7) with respect to conformal time 7 (or redshift z, as indicated
on the top). Lower: the characteristic spectrum h.(k) as a function of wavenumber k. In all panels, the blue and orange curves
represent the numerical results for the cases with resonance (cz from Eq. (27)) and without resonance (cz = 1), respectively. In
the left panel, we choose the sensitive frequencies for space-based detectors as k, = 3.5 x 10'® and k = 3.9 x 10'®, deviation
parameter o = 0.7, and the characteristic time 79 = 7.5 x 107 '®. In the right panel, we choose the sensitive frequencies for
ground-based detectors as k., = 6.5 x 10?° and k = 6.8 x 10%°, and o = 0.95, 7o = 3.7 x 10~'°. This figure is sourced from
Ref. [55].
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Fig.13 The phase space (¢, |7|) of the inflaton in the
upward step model. The red dashed line represents the
trajectory of the slow-roll attractor. The blue thick solid line
represents the evolution trajectory of the inflaton starting
from initial conditions that satisfy the slow-roll conditions.
The light blue thin solid lines represent trajectories with
different field velocities, which are “off-attractor”
trajectories in the model that give rise to non-trivial
perturbation results. These “off-attractor” trajectories play a
crucial role in generating non-trivial perturbations in this
model. This figure is sourced from Ref. [132].
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Nonperturbative Phenomenons of the Very Early Universe:
Resonances in Primordial Fluctuations and Non-Gaussian Tails
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AsstracTt In the era of precision cosmology, multi-messenger, high-resolution as well as small-scale
cosmological observations have provided profound insights into the early universe, while also presenting
new challenges to cosmological perturbation theory based on linear approximation and perturbative ex-
pansions. In recent years, the search for primordial gravitational waves and primordial black holes has
generated significant research interest in the non-linear and non-perturbative processes in the early u-
niverse at small scales. This review paper summarizes the progress in understanding the generation of
primordial black holes and gravitational waves at cosmological small scales. Specifically, we focus on the
application of the resonance effect depicted by the Mathieu equation to study small-scale power spectrum
amplification and the induction of observable primordial gravitational waves. Furthermore, we attempt to
explore the influence of non-Gaussian tails on primordial black hole formation. Our findings indicate that
the resonance effect of the Mathieu equation provides an effective approach to describe non-perturbative
and non-linear processes at small scales in the early universe, leading to a better understanding of the
mechanisms behind primordial black hole formation and gravitational wave generation. Additionally, the
non-perturbative non-Gaussianity may have a significant impact on the formation of primordial black
holes.

Key words cosmology: inflation, early universe, primordial gravitational waves, non-Gaussianity, pri-
mordial black holes
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